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Abstract
Stochastic gravitational waves generated from early universe are placed in the squeezed
vacuum state. The quantum effect on the stochastic gravitational waves leads to enhancement
of its spectral amplitude in the long wavelength regime and oscillatory behaviour at higher
frequency side of the spectrum in the accelerating universe. The results of the present study may
be found useful to test whether the stochastic gravitational waves generated in early universe
exist in the squeezed vacuum state.
1 Introduction
One of the finest predictions of the theory of general relativity is the existence of gravitational
waves. Gravitational waves can be generated by various sources, from quantum fluctuations during
inflationary expansion in the very early universe to astrophysical sources like black hole mergers,
binary systems of neutron stars and pulsars, core collapse of supernova to name a few [1, 2, 3].
The direct detections of gravitational waves to date have all been only from black hole mergers
[4, 5, 6, 7, 8] and the gravitational waves generated from the early universe are yet to be detected.
Gravitational waves originated from the inflationary process are called primordial or relic gravita-
tional waves [9]. The primordial gravitational waves have traversed the universe through its various
evolutionary stages, from the inflationary period upto the current accelerating stage of the universe.
The primordial gravitational waves are expected to form a stochastic background of standing waves
whose spectrum depends on each evolutionary stage of the universe [10]. These relic gravitational
waves are believed to carry important information about the very early universe.
Since the primordial gravitational waves were generated by the quantum fluctuations during
inflation, they are also expected to be in a specific quantum state called the squeezed vacuum state
[11]. This resulted from the evolution of the initial vacuum state of the gravitational waves into
a multi-particle quantum state [12, 13, 14, 15]. Due to the squeezing effect, the variance of the
wave mode’s phase is squeezed while its amplitude is increased, thus the corresponding uncertainty
product remains intact. The associated squeezing parameter and the mean number of quanta of the
gravitational waves are growing functions in the amplifying regime of the early universe and stop
growing only at the end of it. Thus if the primordial gravitational waves are indeed in the squeezed
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vacuum state, then this squeezing effect is expected to be reflected on the spectral amplitude of the
stochastic gravitational waves. Therefore from this observational point of view, it is important to
study the amplitude of the stochastic gravitational waves in the squeezed vacuum state with the
sensitivity of various gravitational wave detectors, hence the present work.
In the present work, we obtain the spectrum of stochastic gravitational waves in the squeezed
vacuum state for the flat Friedmann-Lemaitre-Robertson-Walker (FLRW) universe including the
current accelerating phase. The amplitude of the spectrum is studied with the sensitivity curves
of various ongoing detectors [16, 17, 18, 19, 20, 21, 22, 23, 24]. The amplitude of the stochastic
gravitational waves in the squeezed vacuum state is found to be enhanced at lower frequency side
and oscillatory at higher frequency which are the reflections of the quantum effect.
2 Expansion history of the universe
According to the standard model of cosmology, the universe has undergone several evolutionary
stages throughout its expansion. The scale factor characterizes the relative expansion of the universe
with time. The different evolutionary stages of the universe can therefore be represented in terms
of the scale factor as follows [11, 25].
The initial inflationary (i) stage:
a(η) = l0|η|1+β , −∞ < η ≤ η1, (1)
where l0 and β are arbitrary constants, 1 + β < 0 and η1 < 0. dη =
dt
a is the conformal time and t
is the proper time.
The reheating (z) stage:
a(η) = l0az(η − ηp)1+βs , η1 ≤ η ≤ ηs, (2)
where βs describes the expansion behavior of the reheating stage, βs + 1 > 0.
The radiation-dominated (e) stage:
a(η) = l0ae(η − ηe), ηs ≤ η ≤ η2. (3)
The matter-dominated (m) stage:
a(η) = l0am(η − ηm)2, η2 ≤ η ≤ ηE . (4)
The accelerating stage upto the current stage:
a(η) = lH |η − ηa|−1, ηE ≤ η ≤ ηH , (5)
where lH is the Hubble radius at present,
lH =
(
a2
a′
)
ηH
=
1
H
.
The constant l0 can be expressed as,
l0 = lHbζ
−(2+β)
E ζ
β−1
2
2 ζ
β
s ζ
β−βs
1+βs
1 , (6)
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where b = |1 + β|−(1+β), ζE ≡ a(ηH )a(ηE) , ζ2 ≡
a(ηE)
a(η2)
, ζs ≡ a(η2)a(ηs) , ζ1 ≡
a(ηs)
a(η1)
.
The continuous joining of the functions a(η) and a′(η) at the points of transition η1, ηs, η2 and
ηE provide the link between the arbitrary constants between Eq.(1) to Eq.(5).
In the accelerating universe supposedly driven by dark energy, taking the dark energy and dark
matter densities as ΩΛ ∼ 0.7 and Ωm ∼ 0.3 respectively, the redshift corresponding to ηE is given
by,
a(ηH)
a(ηE)
= (1 + zE) =
(
ΩΛ
Ωm
)1/3
≃ 1.33. (7)
The matter dominated stage started at the time instant η2 for which, according to the Planck
observational data, the corresponding redshift is ∼ 3371, therefore,
a(ηE)
a(η2)
= (1 + z2) ≃ 3371. (8)
The radiation dominated stage spanned from ηs to η2. The corresponding temperatures at the
starting and ending moments are assumed to be respectively Ts ≃ 1015 GeV and T2 ≃ 1 eV, where
the starting temperature is assumed to be the typical energy scale of the GUT era. Therefore,
a(η2)
a(ηs)
=
Ts
T2
= 1024. (9)
The reheating stage which spanned from η1 to ηs is simply a general expansion stage as it has not
been properly understood. It could have been governed by a matter either stiffer or softer than
radiation. It could also be part of radiation dominated stage, as for a particular choice βs = 0,
this stage reduces to that of radiation dominated. Thus, for definiteness in computation, a simple
choice is made for ζ1 =
a(ηs)
a(η1)
= 300 for which the implications of the choice are not in conflict with
observations.
3 Primordial gravitational waves
The perturbed metric of a flat FLRW universe can be written as
dS2 = a2(η)[−dη2 + (δij + hij)dxidxj ], (10)
where hij is a transverse-traceless perturbation of space-time, |hij | ≪ δij ,
∂ih
ij = 0, δijhij = 0.
where δij is the flat space metric.
The gravitational wave field hij(x, η) can be regarded as a field operator which can be expanded
over spatial Fourier harmonics e±ik.x, where k is a wave vector. Thus,
hij(x, η) =
C
(2pi)
3
2
∫ +∞
−∞
d3k√
2k
2∑
p=1
[h
(p)
k (η)c
(p)
k + h
(p)∗
k (η)c
(p)†
k ]ε
(p)∗
ij (k)e
−ik.x, (11)
where C =
√
16pilpl is the normalization constant, lpl =
√
G is Planck’s length. The wave number
is k = (δijk
ikj)
1
2 and is related to wavelength λ by λ = 2piak .
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The two polarization states ε
(p)
ij , p = 1, 2, are symmetric and transverse-traceless and satisfy the
conditions
ε
(p)
ij δ
ij = 0, ε
(p)
ij k
i = 0, ε
(p)
ij ε
(p′)ij = 2δpp′ , ε
(p)
ij (-k) = ε
(p)
ij (k).
These polarizations are linear and are called the plus (+) polarization and cross (×) polarization.
The contributions from both these polarizations are same, therefore the index p is dropped from
here onward for convenience.
The creation and annihilation operators c†k and ck satisfy the relationships
[ck, c
†
k′ ] = δ
3(k − k′),
[ck, ck′ ] = [c
†
k, c
†
k′ ] = 0.
The evolution of creation and annihilation operators is governed by the Heisenberg equations of
motion
d
dη
c
†
k(η) = −i[c†k(η), Hgw ], (12)
d
dη
ck(η) = −i[ck(η), Hgw ], (13)
where Hgw is the Hamiltonian for primordial gravitational waves.
The initial vacuum state |0〉 is defined as
ck|0〉 = 0.
The Bogoliubov transformations for Eq.(12) and Eq.(13) are
ck(η) = uk(η)ck(0) + vk(η)c
†
k(0), (14)
c
†
k(η) = u
∗
k(η)c
†
k(0) + v
∗
k(η)ck(0), (15)
where ck(0) and c
†
k(0) are the initial values of the operators, uk(η) and vk(η) are complex functions.
These functions satisfy the condition
|uk|2 − |vk|2 = 1.
The dynamical evolution equation of the primordial gravitational waves in the flat FLRW universe
can be written as,
h′′k(η) + 2
a′
a
h′k(η) + k
2hk(η) = 0, (16)
where prime (′) indicates the derivative with respect to the conformal time η.
The gravitational wave mode hk(η) can be rescaled in terms of mode function as,
hk(η)a(η) = µk(η), (17)
where the mode functions can have the following form
µk(η) = uk(η) + v
∗
k(η), (18)
which then satisfies the equation of motion
µ′′k +
(
k2 − a
′′
a
)
µk = 0, (19)
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There can be two limiting cases for Eq.(19): k2 ≫ a′′a and k2 ≪ a
′′
a .
For short wavelength limit, k2 ≫ a′′a , the wave is outside the potential barrier and does not interact
with the barrier, and propagates with an adiabatically decreasing amplitude hk(η) ∝ 1a(η) .
For long wavelength limit, k2 ≪ a′′a , the wave is inside the potential barrier. The wave interacts
with the barrier and gets amplified above hk(η) ∝ 1a(η) . At the same time, a wave propagating in
the opposite direction is created, giving rise to stochastic standing waves.
3.1 Primordial gravitational waves in the squeezed vacuum state
The functions uk(η) and vk(η) in Eq.(18) can be represented in terms of three real functions: the
squeezing parameter rk, squeezing angle φk and the rotation angle θk as [11],
uk = e
iθk cosh rk,
vk = e
−i(θk−2φk) sinh rk. (20)
The equations of motion for these two complex functions,
i
duk
dη
= kuk + i
a′
a
v∗k,
i
dvk
dη
= kvk + i
a′
a
u∗k, (21)
lead to the equations governing the three real functions mentioned above:
r′k =
a′
a
cos 2φk,
φ′k = −k −
a′
a
sin 2φk coth 2rk, (22)
θ′k = −k −
a′
a
sin 2φk tanh rk.
The two-point correlation function of the gravitational wave field defines the power spectrum of
the gravitational waves,
〈0|hij(x, η)hij(x, η)|0〉 = C
2
2pi2
∫ ∞
0
k2|hk(η)|2 dk
k
, (23)
where
h2(k, η) =
C2
2pi2
k2|hk(η)|2, (24)
gives the mean-square value of the gravitational waves with interval k. Also,
h2(k, η) =
1
2
|h(k, η)|2, (25)
where,
|h(k, η)| = C
pi
k|hk(η)|.
Using C =
√
16pilpl, we get the power spectrum as
|h(k, η)| = 4lpl√
pi
k|hk(η)|. (26)
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Using Eqs.(18) and (20),
|hk(η)|2 = 1
a2(η)
(cosh 2rk + cos 2φk sinh 2rk) . (27)
Considering the initial condition as the inflationary stage, the wavelength of a wave with wave
number k which crossed over the horizon at time ηi is
λi =
2pia(ηi)
k
=
1
H(ηi)
, (28)
and Eq.(1) gives
1
H(ηi)
=
l0|ηi|2+β
|1 + β| . (29)
Suppose the initial condition of the mode function is
|hk(ηi)| = 1
a(ηi)
, (30)
then from Eqs.(26) and (28), we get
h(k, η) = 8
√
pi
lpl
λi
. (31)
The wave number corresponding to the current Hubble radius is,
kH =
2pia(ηH)
lH
, (32)
which leads to λH =
kH lH
k .
Thus, the amplitude of the primordial gravitational waves for the wave interval kE ≤ k ≤ k1
becomes
h(k, ηH) = 8
√
pi
(
lpl
lH
)(
k
kH
)
(1 + 2 sinh2 rk + sinh 2rk cos 2φk)
1/2, (33)
where kH is the wave number corresponding to the present time. The term (1 + 2 sinh
2 rk +
sinh 2rk cos 2φk) provides the squeezing effect.
3.2 Squeezing parameter and squeezing angle
The squeezing parameter and squeezing angle are time dependent, they grow with time, therefore
their values vary for each frequency range in the expanding universe. The frequency dependent
squeezing parameter rk grows as,
rk ≈ ln a∗∗(k)
a∗(k)
, (34)
where a∗ is the value of a(η) at η∗, the time beginning of the range, i.e., the higher frequency end of
the range and a∗∗ denotes a(η) at η∗∗, the end of time range, i.e., the lower frequency end of range.
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Thus, the squeezing parameter for each frequency range (in decreasing order) becomes,
rk = ln
(
k
k1
)β−βs
, ks ≤ k ≤ k1, (35)
rk = ln
[(
k
ks
)β (
ks
k1
)β−βs]
, k2 ≤ k ≤ ks, (36)
rk = ln
[(
k
k2
)β−1(
k2
k1
)β (
ks
k1
)−βs]
, kH ≤ k ≤ k2, (37)
rk = ln
[(
k
kH
)β+1(
kH
k2
)β−1(
k2
k1
)β (
ks
k1
)−βs]
, kE ≤ k ≤ kH , (38)
rk = ln
[(
k
kH
)β (
kE
kH
)(
kH
k2
)β−1(
k2
k1
)β (
ks
k1
)−βs]
, k ≤ kE . (39)
For the high frequency mode k = k1, a∗ = a∗∗ = a(η1) which gives rk = 0. Thus the high frequency
modes k > k1 are not in the amplifying regime. The amplifying regime only starts at k = k1.
In the adiabatic regime, the wavelength is shorter than the Hubble radius, therefore k is dominant.
Thus the squeezing angle can be given by,
φk = −k(η + ηk), (40)
where ηk is constant. In the long wavelength regime, k can be neglected, and the squeezing angle
becomes,
φk ∝ tan−1
(
1
a2(η)
)
. (41)
Thus the squeezing angle also varies for each frequency interval. The factor cosφk(η) in Eq.(33) is an
oscillatory function of time which reflects the oscillatory features in the power spectrum as a result
of the squeezing phenomenon. For long wavelength modes, k < kH , cosφk(η) is almost unity while
it leads to oscillations for high frequency modes k ≫ kH . Due to the squeezing effect, the stochastic
gravitational waves form a collection of standing waves with a non-stationary background.
4 Amplitude and spectral energy density of primordial GWs
In this section, we study the amplitude and spectral energy density of the stochastic gravitational
waves in the squeezed vacuum state. The amplitude of stochastic gravitational waves can be deter-
mined with Eq.(33).
The fractional energy density of gravitational waves can be defined in terms of spectral energy
density Ωgw(ν) as:
ρgw
ρc
=
∫
Ωgw(ν)
dν
ν
, (42)
where ρgw is the energy density of the gravitational waves and ρc is the critical energy density of
the universe. Since we assume spatially flat spacetime, the fractional energy density of primordial
gravitational waves relative to the critical density of the universe must be less than 1. The spectral
energy density can be given in terms of the field as,
Ωgw(ν) =
pi2
3
h2(ν)
(
ν
νH
)2
. (43)
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The wave number k is proportional to the frequency ν, so the ratios of the wave numbers can
be replaced by the ratios of the frequencies. The Hubble frequency is νH =
1
lH
≃ 2 × 10−18 Hz.
For other values of frequency ν, we choose νE = 1.5 × 10−18 Hz which is in the long wavelength
regime, ν2 = 117× 10−18 Hz and νs = 108 Hz for definiteness, and ν1 = 1010 Hz as it is the highest
frequency at which the spectral energy density Ωgw(ν) in high frequency modes does not exceed the
nucleosynthesis bound (10−6).
Eq.(31) gives the initial normalized amplitude of the wave mode when the wave mode enters
the long wavelength regime, at this instant its corresponding wavelength λi becomes equal to the
Hubble radius. For this, the wavelength is,
λi =
1
b
l0
(νH
ν
)2+β
. (44)
Then,
h(k, η) = A
(
ν
νH
)2+β
, (45)
where A = 8
√
pib
lpl
l0
. The wavelength of the gravitational wave mode at this instant must be greater
than the Planck length lpl. Thus,
b
lpl
l0
(
ν
νH
)2+β
< 1. (46)
Thus at the highest frequency ν = ν1, we get(
ν1
νH
)2+β
< 1.63× 106, (47)
which provides the upper bound on β which is −1.77. The allowed values of βs with respect to
β = −1.8,−1.9,−2.0 are respectively βs = 0.598,−0.552,−1.689. The case β = −2 denotes the
exact de Sitter expansion.
Using Eq.(42), the consistency of these models in the absence (rk = 0) and presence (rk 6= 0) of
the squeezing effect can be examined.
For β = −1.8,
ρgw
ρc
= 9.29× 10−4, rk = 0,
ρgw
ρc
= 6.83× 10−5, rk 6= 0. (48)
For β = −1.9,
ρgw
ρc
= 2.34× 10−6, rk = 0,
ρgw
ρc
= 1.79× 10−7, rk 6= 0. (49)
For β = −2,
ρgw
ρc
= 8.97× 10−7, rk = 0,
ρgw
ρc
= 9.97× 10−8, rk 6= 0. (50)
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Figure 1: Amplitude of stochastic background of gravitational waves as a function of frequency for
β = −1.8, β = −1.9, β = −2.0 in presence and absence of squeezing effect.
Hence the models discussed are not ruled out both in the absence and presence of squeezing effect.
If detected, the observed features will reveal whether or not the primordial gravitational waves are
in the squeezed vacuum state.
The amplitude and spectral energy density for stochastic gravitational waves are presented in
fig.(1) and fig.(2) respectively. We observe strong oscillating features towards higher frequency. As
the wave enters the long wavelength regime (lower frequency), the oscillation decreases. There is
decrease in the amplitude for each model due to the squeezing effect as compared to models in the
absence of squeezing effect. However, while the amplitude for the models without squeezing effect
starts decreasing when the wave enters the long wavelength regime, the amplitude for the models
in the presence of squeezing effect keeps on increasing. This is due to the fact that the variance of
the gravitational wave mode’s phase is strongly squeezed while its amplitude is strongly increased,
a feature which continues upto the very end of the amplifying regime [10, 11]. This is in accordance
with the uncertainty principle.
The obtained amplitude of gravitational waves ( figs.(3)-(8)) can be used to examine the pos-
sibility of its detection with sensitivity curves from Advanced LIGO (during O1 run), Advanced
LIGO (design sensitivity), Cosmic Explorer, Einstein Telescope VIRGO, GEO-600, LIGO S6, LISA
and eLISA. These comparisons are made with respect to amplitude plot instead of power spectrum
because the detectors are supposed to detect the field generated by the gravitational waves and
not the energy density. Fig.(3) and fig.(4) show that for the model β = −1.8 both in the absence
and presence of squeezing effect, the field lies within the sensitivity range of Einstein Telescope,
Advanced LIGO(O1 run and design sensitivity), Cosmic Explorer and LISA. On the other hand the
field for the model β = −1.9 in the absence of squeezing effect lies within the sensitivity range of
Einstein Telescope. The gravitational wave field for β = −2.0 both in the absence and presence of
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Figure 2: Spectral energy density of stochastic background of gravitational waves as a function of
frequency for β = −1.8, β = −1.9, β = −2.0 in presence and absence of squeezing effect.
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Figure 3: Amplitude of gravitational waves as a function of frequency for β = −1.8 compared with
sensitivity curves of Advanced LIGO (during O1 run), Advanced LIGO (design sensitivity), Cosmic
Explorer and Einstein Telescope.
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Figure 4: Amplitude of gravitational waves as a function of frequency for β = −1.8 compared with
sensitivity curves of VIRGO, GEO-600, LIGO S6, LISA and eLISA.
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Figure 5: Amplitude of gravitational waves as a function of frequency for β = −1.9 compared with
sensitivity curves of Advanced LIGO (during O1 run), Advanced LIGO (design sensitivity), Cosmic
Explorer and Einstein Telescope.
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Figure 6: Amplitude of gravitational waves as a function of frequency for β = −1.9 compared with
sensitivity curves of VIRGO, GEO-600, LIGO S6, LISA and eLISA.
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Figure 7: Amplitude of gravitational waves as a function of frequency for β = −2.0 compared with
sensitivity curves of Advanced LIGO (during O1 run), Advanced LIGO (design sensitivity), Cosmic
Explorer and Einstein Telescope.
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Figure 8: Amplitude of gravitational waves as a function of frequency for β = −2.0 compared with
sensitivity curves of VIRGO, GEO-600, LIGO S6, LISA and eLISA.
squeezing effect lies below the sensitivity curves of all the mentioned detectors. However, despite
the fact that some of the amplitudes in the present analysis lie within the sensitivity range of some
detectors, the fact that these gravitational waves create random background with non-stationary
spectrum makes it very difficult to detect them even in the absence of the squeezing effect. In fact,
these type of gravitational waves are believed to be the quietest and most difficult to detect.
5 Conclusion
Primordial gravitational waves generated in the very early universe are believed to be the quietest
form of gravitational waves present today as they have traversed the universe since their generation
and their wavelengths have stretched significantly during their course of travel. These waves are
believed to form a stochastic background with standing wave pattern whose spectrum depends
on the evolutionary stages of the universe. Also, since these waves are believed to be generated
quantum mechanically due to quantum fluctuations in the very early universe, they are expected to
be in a specific quantum state called the squeezed vacuum state. Due to this effect, the amplitude of
these waves are strongly increased throughout the amplifying regime, see figs.(1)-(8). However, since
these waves form continuous but random and unpredictable pattern, they are believed to be the most
difficult form of gravitational waves to detect. Future detectors designed with sufficient sensitivity
will hopefully detect these elusive but alluring form of primordial gravitational waves which would
not only enhance our understanding of our universe but may also change our perception of it.
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